Abstract. Let M be an irreducible, orientable, closed 3-manifold with fundamental group G. We show that if the pro-p completion Gp of G is infinite then G is either soluble-by-finite or contains a free subgroup of rank 2.
Introduction. In this short note we discuss Tits alternative for the fundamental group of an irreducible, orientable, closed 3-manifold M . As shown in [13, Theorem 2.9] if dim Fp H 1 (M, F p ) ≥ 4 for some prime number p, where F p is the field with p elements, then the fundamental group π 1 (M ) has a free subgroup of rank 2. This result was further generalized in [12] where it was shown that if dim Fp H 1 (M, F p ) ≥ 3 then either π 1 (M ) is soluble-by-finite or contains a free subgroup of rank 2. The proof in [12] uses techniques from p-adic analytic groups [10] and Tits alternative for linear groups over fields of characteristics 0 [14] . The case when π 1 (M ) has infinite abelianization follows from [6, Corollary 4.10] where it is shown that the fundamental group of a sufficiently large, irreducible, 3-manifold satisfies Tits alternative plus the fact that compact 3-manifolds M with infinite H 1 (M, Z) are sufficiently large [7, Lemma 6.6] .
Theorem. Let G be the fundamental group of an irreducible, orientable, closed 3-manifold. Assume that for some prime number p the pro-p completion G p of G is infinite. Then G satisfies Tits alternative, i.e. either G contains a free non-cyclic subgroup or G is soluble-by-finite. Vol. 88 (2007) Tits alternative for 3-manifold groups 365
We observe that this theorem can be viewed as a corollary of Thurston, geometrization conjecture and Tits' original result [14] . We give a short proof of our result following Parry's approach [12] and remark after it that there are alternative approaches, one suggested by the referee and the other using some recent results on pro-p completions G p of orientable Poincaré duality groups G of dimension 3, i.e. if every normal subgroup of p-power index in G has finite abelianization and G p is infinite then G p is a pro-p Poincaré duality group of dimension 3 (two independent, quite different proofs of this result can be found in [8] and [15] ).
We start the proof with the following Lemma. Let G be the fundamental group of an irreducible, orientable, closed 3-manifold M whose profinite completion G is infinite. Then either G satisfies the Tits alternative or every finitely generated non-trivial subgroup of infinite index in G is infinite cyclic.
Proof. Observe that since G is infinite, the group G is infinite and hence G is a Poincaré duality group of dimension 3 and torsion-free.
Suppose first that G does not contain a copy of Z×Z. Then by [1, Corollary A1] every finitely generated non-cyclic subgroup of infinite index in G that does not decompose as a non-trivial free product has deficiency at least 2. By [2] every group of deficiency at least 2 has a subgroup of finite index that maps surjectively to a free group of rank 2. Every finitely generated subgroup of the torsion-free group G that is a free product of two non-trivial groups contains the free non-cyclic group Z * Z. So the lemma holds in this case.
Suppose now that G contains a copy of Z × Z. By [13, Proposition 2.6] if π 1 (M ) has infinitely many distinct subgroups of finite index (which is the case since G is infinite) and if π 1 (M ) contains a copy of Z 2 then either M contains an incompressible torus or M is a Seifert fibered space. In both cases M is almost sufficiently large as defined in [13, p. 904] i.e. some finite-sheeted cover of M is sufficiently large. If M is sufficiently large ( i.e. containing an incompressible, closed, connected orientable surface that is not a disc or a 2-sphere) with π 2 (M ) = 0 by [6, Corollary 4.10] π 1 (M ) is either soluble or contains a free subgroup of rank 2. If M is a Seifert fibered, irreducible, closed 3-manifold the Tits alternative for π 1 (M ) is established in the third paragraph of the proof of [12, Theorem. 1.1].
Proof of the theorem.
Note that we can assume that for every subgroup U of finite index in G, dim Fp H 1 (U, F p ) ≤ 2 and U has finite abelianization otherwise the theorem follows immediately from the results stated in the introduction. In particular the number of generators of any subgroup of finite index in G p is at most 2. Then G p is a pro-p group of finite rank at most 2 and G p has a subgroup of finite index
